On surfaces with p_g=2q-3 by Lopes, Margarida Mendes & Pardini, Rita
ar
X
iv
:0
81
1.
03
90
v1
  [
ma
th.
AG
]  
3 N
ov
 20
08
ON SURFACES WITH pg = 2q − 3
MARGARIDA MENDES LOPES AND RITA PARDINI
Abstract. We study minimal complex surfaces S of general type
with q(S) = q and pg(S) = 2q − 3, q ≥ 5. We give a complete
classification in case that S has a fibration onto a curve of genus
≥ 2. For these surfaces K2 = 8χ. In general we prove that K2 ≥
7χ−1 and that the stronger inequality K2 ≥ 8χ holds under extra
assumptions (e.g., if the canonical system has no fixed part or the
canonical map has even degree).
We also describe the Albanese map of S.
2000 Mathematics Subject Classification: 14J29, 14F35.
1. Introduction
Irregular surfaces seem harder to tackle than regular surfaces. It
is not yet clear how they fit in the geography of surfaces of general
type, although some numerical restrictions are known. For instance,
by [Be2], pg ≥ 2q − 4 and if equality holds then S is birational to a
product of a curve of genus 2 and a curve of genus q − 2.
Here we consider surfaces with pg = 2q − 3. Since pg ≥ q ≥ 0, such
surfaces satisfy q ≥ 3. Surfaces with pg = q = 3 have been completely
classified by Hacon and the second author in [HP] and, independently,
by Pirola ([Pi]), who completed the partial classification contained in
[CCM]. There are only two such surfaces: one is the symmetric product
of a genus 3 curve and has K2 = 6(= 6χ), while the other one is a free
Z2-quotient of the product of a curve of genus 2 and a curve of genus
3 and has K2 = 8(= 8χ). The second example is characterized by the
existence of an irrational pencil of genus ≥ 2.
In [BNP] Barja, Naranjo and Pirola prove the inequality K2 ≥ 8χ
under some technical assumptions on the base locus of the canonical
system. Furthermore, they make a detailed study of the case q = 4
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(and hence pg = 5), showing that the inequality K
2 ≥ 8χ holds in
this case without any extra assumption. The only known surfaces with
q = 4 and pg = 5 have an irrational pencil of genus ≥ 2. In [BNP]
it is shown that there are precisely two families of such surfaces. In
both cases the surfaces are free Z2-quotients of products of curves and
therefore satisfy K2 = 8χ.
Here we study the case q ≥ 5. If S has an irrational pencil of genus
g ≥ 2, then we have the following classification:
Theorem 1.1. Let q ≥ 5 be an integer and let S be a minimal complex
surface of general type with q(S) = q and pg(S) = 2q−3. If there exists
a fibration f : S → B with B a curve of genus ≥ 2, then there are the
following possibilities:
(i) S is the product of two curves of genus 3;
(ii) S = (C × F )/Z2, where C is a curve of genus 2q − 3 with a
free action of Z2, F is a curve of genus 2 with a Z2-action such
that F/Z2 has genus 1 and Z2 acts diagonally on C × F . In
this case f is the map induced by the projection C × F → C,
the curve B = C/Z2 has genus q − 1 and the general fibre F
of f has genus 2.
In either case, S satisfies K2S = 8χ(S).
In the general case we prove inequalities for the invariants of S which
are weaker than the one in [BNP] but require no extra assumptions:
Theorem 1.2. Let q ≥ 5 be an integer and let S be a minimal complex
surface of general type with q(S) = q and pg(S) = 2q − 3. Then:
(i) K2S ≥ 7χ(S)− 1;
(ii) if K2S < 8χ(S), then |KS| has fixed components and the degree
of the canonical map is 1 or 3;
(iii) if χ(S) ≥ 5 and K2S < 8χ(S) − 6, then the canonical map is
birational.
Finally, we analyze the Albanese map:
Proposition 1.3. Let q ≥ 5 be an integer and let S be a minimal
complex surface of general type with q(S) = q and pg(S) = 2q − 3. Let
α : S → A be the Albanese map.
(i) if S has an irrational pencil of genus ≥ 2 and it is not the
product of two curves of genus 3, then α is 2-to-1 onto its
image;
(ii) if S has no irrational pencil of genus ≥ 2 or it is the product
of two curves of genus 3, then α is birational onto its image.
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In view of the discussion and results above, it is natural to ask some
questions:
Question 1. Is the inequality K2 ≥ 8χ true for all surfaces with
pg = 2q − 3 and q ≥ 4?
Question 2. Are there any surfaces with pg = 2q − 3 and q ≥ 4
which have no irrational pencil of genus ≥ 2?
Although we have no further evidence, we believe that the answer
to Question 2 should be No and therefore, in view of Theorem 1.1, the
answer to Question 1 should be Yes.
Acknowledgement: We wish to thank the referee for his careful reading
of the paper and for suggesting a simplification of the proofs of Theorem
1.2 and Proposition 1.3.
1.1. Notation and assumptions. Throughout all the paper S de-
notes a minimal complex surface of general type such that pg(S) =
2q − 3, where q := q(S) is the irregularity. Notice that χ(S) = q − 2.
We also assume q ≥ 5. We denote by ϕ : S → P2q−4 the canonical map,
by A the Albanese variety and by α : S → A the Albanese map. An
irrational pencil of S of genus b > 0 is a fibration f : S → B where B
is a curve of genus b.
2. Proof of Theorem 1.1
In this section we prove Theorem 1.1. We assume that there exists
a pencil f : S → B where B is a curve of genus b ≥ 2 and we denote
by g ≥ 2 the genus of a general fibre of S.
Proof. If S is the product of two curves, then the computation of the
invariants of S shows that we are in case (i). So we assume from now
on that S is not a product.
By the Lemme on p. 344 of [Be2], we have:
(2.1) q < b+ g,
and so q − 2 < (b− 1) + (g − 1). By the Corollaire on p. 343 of [Be2],
we have:
(2.2) q − 2 = χ(S) ≥ (b− 1)(g − 1),
and so (b − 1) + (g − 1) > (b − 1)(g − 1). The last inequality holds if
and only if either b = 2 or g = 2.
Suppose b = 2. Then the inequalities (2.1) and (2.2) give g = q − 1
and one has equality in (2.2). Hence by the Corollaire on p. 343 of
[Be2] the fibration f is isotrivial with every fibre smooth, namely, in
the terminology of [Se1], f is a quasi-bundle. We denote by F the fibre
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of f . By §1 of [Se1] (cf. also [Se2]) there exist a curve C and a finite
group G that acts faithfully on C and on F in the following way:
1) the diagonal action on C × F is free and S is isomorphic to (C ×
F )/G;
2) C/G is isomorphic to B and f is induced by the projection C ×
F → C;
3) F/G has genus q − 2.
Since F has genus q − 1 and q − 2 ≥ 3 by assumption, condition 3)
contradicts the Hurwitz formula (an example of this type with q = 4
is given in [BNP, §7]). Hence b = 2 does not occur.
Suppose now g = 2. The same reasoning as above gives b = q − 1.
As in the previous case, by the results of Serrano there exist a curve
F of genus 2, a curve C and a finite group G that acts on C and F in
such a way that:
1) the diagonal action of G on C × F is free and S is isomorphic to
the quotient surface (C × F )/G;
2) C/G is isomorphic to B and f is induced by the projection C ×
F → C;
3) F/G has genus 1.
Let d denote the order of G. The Hurwitz formula applied to the
quotient map F → F/G gives:
2
d
=
k∑
1
(1−
1
mi
),
where m1, . . .mk are the order of the stabilizers of the special orbits of
G on F . It is easy to check that the possibilities are the following:
d = 4, k = 1, m1 = 2;(2.3)
d = 3, k = 1, m1 = 3;
d = 2, k = 2, m1 = m2 = 2.
In particular, the group G is abelian. We are going to exclude the first
two possibilities by using the fundamental relations of [Pa, Prop. 2.1].
More precisely, denote by E the quotient curve P ∈ E the only branch
point of the map F → F/G = E. If G = Z4, then by [Pa, Prop. 2.1],
there exist L ∈ Pic(E) such that:
4L ≡ 2P,
which is impossible by degree reasons. If G = Z2 × Z2, then by [Pa,
Prop. 2.1], there exist L ∈ Pic(E) such that:
2L ≡ P,
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which is again impossible by degree reasons. Finally, if G = Z3, then
by [Pa, Prop. 2.1] there exist L ∈ Pic(E) such that:
3L ≡ P,
and we have again a contradiction. So we have G = Z2. Since the
diagonal action on C ×F is free, the group Z2 acts freely on C. Hence
C has genus 2q− 3 and it is easy to check that the surface (C × F )/G
has the right invariants. 
3. Proofs of Theorem 1.2 and Proposition 1.3
Since the proofs of Theorem 1.2 and Proposition 1.3 are very similar,
we give both in the same section.
Proof of Theorem 1.2. If S has an irrational pencil of genus ≥ 2, then
K2S = 8χ(S) by Theorem 1.1. Hence we may assume that S has no
such pencil. We write KS = |D| + Z, where Z is the fixed part. By
[Xi1], a surface whose canonical image is a curve has irregularity at
most 2, hence the image of the canonical map of S is a surface and the
system |D| is irreducible.
Step 1: If Z = 0, then K2S ≥ 8χ(S).
Consider the natural map v :
∧
2H0(Ω1S) → H
0(KS) and denote by
v¯ : P(
∧
2H0(Ω1S))→ P(H
0(KS)) the corresponding rational map of pro-
jectives spaces. By the Castelnuovo–De Franchis Theorem, the kernel
of v does not contain any non zero simple tensor η1 ∧ η2. Hence, de-
noting by G the Grassmannian of lines in P(H0(Ω1S)), v¯ restricts to
a morphism G → |KS| which is finite onto its image, and therefore
surjective, since G has dimension 2q − 4.
So every σ ∈ H0(KS) is of the form η1∧η2 for η1, η2 ∈ H
0(Ω1S), and for
σ general there exist also η3, η4 such that η1, . . . η4 are independent and
σ = η3 ∧ η4. Following [BNP], we say that S is generalized Lagrangian.
Given σ and η1, . . . η4 as above, one considers the subsystem W of |KS|
generated by the divisors of zeros of the 2-forms ηi ∧ ηj , 1 ≤ i < j ≤ 4.
Since |KS| is irreducible and W contains the divisor of zeros of the
general form σ, the system W has no fixed part. Then we have K2S ≥
8χ(S), by [BNP, Thm.1.2].
By Step 1, from now we may assume Z 6= 0. We analyze the be-
haviour of the canonical map, obtaining inequalities for each possible
case. We denote by d the degree of the canonical map and by Σ the
canonical image.
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Step 2: If d = 1, then K2S ≥ 7χ(S)− 1.
By The´ore`me 3.2 and Remarque 3.3 of [De] we have:
K2S ≥ 3pg(S) + q − 7 +KSZ +
1
2
DZ,
and in our case this can be rewritten as:
K2S ≥ 7q− 16 +KSZ +
1
2
DZ = 7χ(S)− 2+KSZ +
1
2
DZ ≥ 7χ(S)− 1
where the last inequality is a consequence of the 2-connectedness of
canonical curves.
Step 3: If d > 1, then pg(Σ) = 0.
By [Be1, Thm. 3.1], if pg(Σ) > 0 then pg(Σ) = pg(S) = 2q − 3 and
Σ is the canonical image of a smooth minimal surface of general type.
Hence by the Castelnuovo inequality we have deg Σ ≥ 3pg(S)− 7. If ϕ
is not birational, this gives:
K2S ≥ 6pg(S)− 14 = 12q − 32 = 12χ(S)− 8.
Since by assumption χ(S) = q−2 ≥ 3, the above inequality contradicts
the Bogomolov–Miyaoka-Yau inequality K2 ≤ 9χ. This proves that if
pg(Σ) > 0 the map ϕ is birational.
Step 4: The case d = 2 does not occur.
Assume that d = 2 and denote by ι the involution of S induced by ϕ.
Since S has no irrational pencil of genus ≥ 2, the irregularity of S/ι is
at most 1. It follows that the subspace V ⊆ H0(Ω1S) on which ι acts as
multiplication by −1 has dimension ≥ q − 1 ≥ 4. For any η1, η2 ∈ V ,
the 2-form η1∧ η2 is invariant under ι, hence it induces a global 2-form
on S/ι. By Step 3, this 2-form is identically zero. Hence η1∧η2 vanishes
identically on S and, by the Castelnuovo–De Franchis Theorem, S has
an irrational pencil of genus ≥ 2, against the assumptions.
Step 5: d ≤ 4 and if d = 4, K2S ≥ 8χ(S).
By Theorem 3 of [Xi2] and the assumption q ≥ 5, the image Σ of the
canonical map is not ruled by lines. Hence the degree m of Σ ⊂ P2q−4
satisfies m ≥ 2q − 4 = 2χ(S). Thus d ≥ 5 would yield a contradiction
to the Miyaoka-Yau inequality, whilst d = 4 yields K2S ≥ 8χ(S).
Step 6: If d = 3, then K2S ≥ 8χ(S)− 6.
By Theorem 3 of [Xi2] and the assumption q ≥ 5, the image Σ of the
canonical map is not ruled by lines and so, by [Re, (3.4) Addendum],
the degree m of Σ ⊂ Pn must satisfy
m ≥
4
3
(n− 2).
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Hence we have:
deg Σ ≥
4
3
(2χ(S)− 2),
and soD2 ≥ 8χ(S)−8. Thus, again by 2-connectedness of the canonical
divisors, K2S ≥ 8χ(S)− 6.
Step 7: If d = 3 then K2S ≥ 7χ(S)− 1.
By Step 6 we need only to show the inequality for χ(S) = 3 and for
χ(S) = 4. As in Step 6, the canonical image Σ is not ruled by lines.
So we have deg Σ ≥ 6 for χ(S) = 3 and deg Σ ≥ 8 for χ(S) = 4.
For χ(S) = 3 , we have D2 ≥ 3 degΣ ≥ 18, yielding K2S ≥ 20 =
7χ(S)− 1.
Assume χ(S) = 4 and suppose for contradiction that K2S ≤ 26. We
have:
24 ≥ D2 ≥ 3 deg Σ ≥ 24.
It follows that deg Σ = 8, D2 = 24, KSD = 26 and the system |D| is
free. Since the surface Σ is not ruled by lines, it is a (weak) Del Pezzo
surface, i.e., it is the anticanonical image of P1 × P1, F1 or F2. So Σ
contains a pencil of conics, whose pull back to S we denote by |G|.
Then we can write D = 2G +H , where H is effective, GD = 6 and
h0(S,G) ≥ 2. The index theorem gives G2 ≤ 1. On the other hand, by
[Xi2], KSG+G
2 ≥ 4q − 4 = 20 and this contradicts KSD = 26. 
Proof of Proposition 1.3. If S is the product of two curves of genus 3
then α is of course an embedding. Also, it is easy to check statement
(i) using Theorem 1.1.
So assume that S has no irrational pencil of genus ≥ 2 and assume
for contradiction that α is not birational. Denote the image of α by
Y . Recall that a subvariety of an abelian variety is of general type if
and only if it is not ruled by tori. Since S has no irrational pencil of
genus ≥ 2, it follows that Y is of general type and has no irrational
pencil of genus ≥ 2, either. We have q(Y ) ≥ q, since Y generates A,
and q(Y ) ≤ q, pg(Y ) ≤ pg(S) = 2q − 3, since S dominates Y . On the
other hand, the The´ore`me on p. 345 of [Be2] gives pg(Y ) ≥ 2q(Y )− 3.
Summing up, we have q(Y ) = q and pg(Y ) = 2q − 3.
The canonical map of S factors through the canonical map of Y ,
hence it is not birational. By Step 3 of the proof of Theorem 1.2, the
canonical map of Y is not birational either and by Step 4 of the same
proof, the canonical map of Y has degree ≥ 3. Hence the canonical
map of S has degree at least 6, contradicting Step 5 of the proof of
Theorem 1.2. 
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